Abstract. The conditions for thermal equilibrium given in [Class. Quantum Grav. 30 115018 (2013)] are outlined. It is also clarified that the condition for the equivalence between thermodynamic and dynamical stability of static spherically symmetric perfect fluids in General Relativity was referring to the canonical ensemble. Cases for which stability equivalence holds are specified.
In Ref. [1] is studied the thermal equilibrium of static spherically symmetric perfect fluids in General Relativity. Let me elaborate the three following important points:
• The Tolman-Oppenheimer-Volkoff (TOV) equation (that is the equation one is led to from Einstein's equations and expresses the hydrostatic equilibrium) is derived from extremization of the total entropy, for fixed total mass and number of particles. There was used the Lagrange multipliers method as in equation (28) of Ref. [1] , namely:
where β 0 , α were some as yet undetermined Lagrange multipliers. The first multiplier was found to be β 0 = 1/T 0 as in equation (33) of Ref. [1] , where T 0 is the constant Tolman temperature, i.e. the surface temperature as measured by a distant observer. The second Lagrange multiplier was found to be
where µ(r) is the chemical potential.
Using equation (2) and standard thermodynamic relations, as in Ref. [2] , it was shown that:
Using Einstein's equations it is straightforward to see that equation (3) is the differentiated form of Tolman's relation:
Indeed, for g tt = e ν , equation (4) gives T ′ /T = −ν ′ /2, which by use of equation (A.7) of Ref. [1] that is derived from Einstein's equations, leads directly to (3). Therefore equation (2) gives:
Thus, in Ref. [1] is shown that:
Theorem 1. For static spherically symmetric perfect fluids in General Relativity, thermal equilibrium requires the TOV equation to hold along with Tolman's relation (4) and equation (5).
This was later generalized in [3] for the stationary case. In addition, this calculation means that, at least in the case under study, thermal equilibrium implies dynamical equilibrium, while the inverse is not necessarily true, since the Einstein's equations do not imply equations (4) and (5).
• Regarding the relation between thermodynamic and dynamical stability, it was claimed in Ref. [1] that they are equivalent for a perfect fluid under radial perturbations, provided relation (50) of Ref. [1] holds, namely: dp dr δρ = δp dρ dr .
It must be stressed out, however, that this is the condition for the dynamical stability to be equivalent with thermodynamic stability only in the canonical ensemble, i.e. in the presence of a heat bath and for perturbations that preserve the total number of particles. The reason is that in deducing condition (6), the following equation (equation (44) of Ref. [1] ) was imposed:
However as was shown earlier, this equation follows directly from the condition
The constraint of perturbations that preserve the total number of particles is imposed in the second variation of entropy (46) in Ref. [1] . In addition, I remark that the whole formulation includes also the case of zero chemical potential with no additional constraints, i.e. in any ensemble. It is evident that equivalence between thermodynamic and dynamical stability depends not only on physical constraints of the system, such as the presence of a heat bath (canonical case) or the system being isolated (microcanonical case) but also on the equation of state. Let me formulate one theorem, that specify cases which meet canonical equivalence and one theorem that specify a case which meets general equivalence.
Theorem 2. For static, spherically symmetric perfect fluids and for radial perturbations, dynamical stability in the presence of a heat bath is equivalent with thermodynamic stability in the canonical ensemble, in the cases: (i) Constant entropy per baryon (s/n) = const.
(ii) p = p(ρ, T ) where s, n, ρ are the proper entropy, particle and mass density respectively, while T , p are the proper temperature and pressure respectively.
Note that case (ii) includes also the simpler, though popular, case p = p(ρ). Let us prove case (i). We have for p = p(ρ, n) that:
Using (9), the condition (6) for equivalence in the canonical ensemble becomes:
Now from Euler relation, along with the condition (2) for thermal equilibrium we get:
and substituting condition (3) for thermal equilibrium into (11) we finally get:
If the perturbation is made under conditions of constant Tolman temperature and number of particles, then equation (7) holds and (2) gives:
Therefore, following similar steps we get also:
Dividing equations (12) and (14) by parts we are led to equation (10). q.e.d. Let us prove case (ii). For p = p(ρ, T ), using the condition (3) for thermal equilibrium, the pressure derivative may be written:
If the perturbation is made under conditions of constant Tolman temperature (note that the condition of constant number of particles is not needed), then equation (7) holds and following similar steps the pressure variation may be written as:
Dividing equations (15) and (16) by parts we are led to condition (6). q.e.d. Indeed, for these systems the first law gives: T δs = δρc 2 , while the Euler relation gives:
Therefore, in this case the condition for thermodynamic stability is (6). Since such systems do additionally satisfy condition (ii) their dynamical stability is equivalent with thermodynamic stability. q.e.d.
• Finally, regarding the Newtonian limit, it shall be clear that the 'transformation of ensembles' stated at section 5 of Ref. [1] does not take place, but it was my misunderstanding of the fact that in deriving equation (58) of Ref. [1] , the canonical condition δT 0 = 0 in the form of equation (7) was assumed. Thus, in Ref. [1] , it was proved that for static spherically symmetric perfect fluids, canonical thermodynamic stability in General Relativity gives canonical thermodynamic stability in the Newtonian limit, as expected.
